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Abstract. Let be a fraction ring of the polynomial ring A[X] in the variable 

X over a commutative ring A. We show that the Hilbert functor T^^jxjy/A * s re P" 
resented by an afhne scheme Symm^(A[X](/) given as the ring of symmetric tensors 
of £g>^A[X][/. The universal family is given as Symriil~ 1 (A[X]u) Xa Spec(A[X]u). 



§1. - Introduction. 

The Hilbert functor 7iilb^-) v x parameterizing closed subschemes of a variety V, 
having finite length n and support in a fixed point x G V, has been studied by 
several authors in the last decades ([2], [3], [4], [6], [7], [8] and [13]). The main 
interest have been on the classification of the set of /c-rational points of 7iilbQ Vx . 
The scheme structure on the parameter schemes was apparently neglected until 
[13], where the Hilbert functor ^^^a-[x] (x) parameterizing subschemes of the line 
of finite length n and support in the origin, was described. 

It was shown in [13] that the scheme representing the functor 7~L'itt>k] L x] {x) is of 
dimension n. Taking into account that the set of /c-rational points of is 
trivial, the scheme structure on the parameter scheme was a surprise. The Hilbert 
scheme parameterizing subschemes of the line, having finite length and support in 
one point is not an algebraic scheme, that is a scheme which is not of finite type 
over the base. 

The motivation behind the present paper arose from the desire to better un- 
derstand the techniques introduced in [13]. Instead of only consider finite length 
subschemes of the line with support in a fixed point, we allow the subschemes to 
have support in any given set. 

Let A[X][/ be the fraction ring of the polynomial ring A[X] in the variable X 
over a base ring A, with respect to a multiplicatively closed subset U C A[X]. We 
study the contravariant functor 'HHb r Xyx] u / A from the category of A-schemes to sets, 
which sends an A-scheme T to the set of closed subschemes Z C T x a Spec(A[X]fj) 
such that the projection map p : Z — » T is flat and where the global sections of the 
fiber is of rank n for all points t E T. 

Our main result is Theorem (8.2), where we show that 'Hilb 7 \\ L x] u /A is represented 
by the n-fold symmetric product Symm^(A[X][/) of Spec(ALY];y). Thus we obtain 



1991 Mathematics Subject Classification. 14C05, 14D22. 



2 



ROY MIKAEL SKJELNES 



a result which is similar to what is known for Hilbert schemes of points on smooth 
projective curves [5], and similar with the results of B. Iversen about the n-fold 
sections for smooth families of curves [9]. 

When studying the functor 7~tilb 7 X[ X ] u /A the key problem is to determine those 
monic polynomials F(X) in A[X] such that the fraction map A[X]/(F(X)) — > 
A[X]u/(F(X)) is an isomorphism. A problem which is solved by the use of the 
symmetric operators [13] of the polynomial ring A[X] associated to F(X). We 
define, Section (2.2), an A-algebra homomorphism up from the ring of symmetric 
tensors of ®^A[A] to A, which has the following property. For every f(X) in A[X] 
the residue class of f(X) modulo the ideal (F(X)) gives by multiplication an A- 
linear endomorphism HfU) on the free A-module A[X]/(F(X)). In Theorem (2.4) 
it is shown that u F (f(X) ® • • • <g> f(X)) = det(p F (f)). 

Theorem (2.4) is the technical heart of the present paper and gives a nice re- 
lation between the symmetric operators with the coefficients of the characteristic 
polynomial of fiF(f)- A relation of the homomorphism uf to resultants is touched 
upon in Section (3). 

By studying the properties of such homomorphisms «j? we classify in Section 
(4), the set of ideals I C such that the residue ring A[X]u/I is free as an 

A-module. 

We denote with (gi^MfX] the ring of invariant tensors of ®^^4[X] under the 
standard action of the symmetric group in n-letters. In Section (5) we show that 
the functor parameterizing ideals of A[A][/ such that the residue rings are free of 
rank n as A-modules is represented by a fraction ring of ® { a ] A[X}. A fraction 
ring which we show in Section (6) is isomorphic to the ring of symmetric tensors 
^ } A[X]u. 

Then finally we summarize the accumulated results in the main Theorem which 
states that the n-fold symmetric product Symm^(A[X]c/) represents the functor 
TiilbAix^/Ai an d where the universal family is given as Sjmm A ~ 1 (A[X]u) 
Spec(A[X]u). 

As an application of our result we have that the Hilbert scheme of n-points 
on the affine line over Spec A is represented by the affine n-space A^. Here 
A is any commutative unitary ring. Furthermore we have that 'Hilb\^ X ] u /a^ the 
Hilbert functor parameterizing 1 point on Spec(A[A][/) is represented by the scheme 
Spec(A[A](y), [10]. In the case when the base ring A = k is a field, we have that the 
ring of symmetric tensors of ®^k[X]u parameterizes the closed subschemes of the 
line Spec(/c[A]) having length n and support in the subset of the line corresponding 
to the prime ideals {P C k[X] \ P fl U = 0}. In particular we recover the situation 
considered in [13] where fc[X][/ = k[X]( X ) is the local ring of the maximal ideal 
(X) C k[X]. A more precise discussion of some applications of Theorem (8.2) is 
given in the end of Section (8). 

I thank D. Laksov for the help and assistance I have received during our many 
discussion on the present subject. I thank S. A. Str0mme for his comments and 
remarks. 

§2. - Symmetric operators on the polynomial ring. 

Given a monic polynomial F(X) in A[X] which has positive degree n. Then 
the residue ring A[X]/(F(X)) is a free A-module of rank n. Any element f(X) in 
A[X] gives by multiplication by the residue class of f(X) modulo the ideal (F(X)), 
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construction of an A-algebra homomorphism u F ■ A[X] — > A, where 

is the ring of symmetric functions, with the property that for any f(X) in A[X] we 

have that 

u F (f(X)®---®f(X)) = det(jji F (f)). 

2.1. The symmetric operators. We recall the symmetric operators which were 
introduced in [13]. Let A[X] denote the ring of polynomials in the variable X over a 
commutative ring A. We write ®^A[X] for the tensor algebra A[X] <S>a • • • <8)aA[X] 
(n-copies of A[X]). To every element f(X) in A[X] we let f(X t ) = 1 <g> • • • <g> 1 <g> 
f(X) <g> 1 ® • • • ® 1 in ®^[X] , where the /(X) occurs at the i'th place. We identify 
X = l<g)...l<g)Xm ®^ +1 ^4[X], and we consider <g>^ +1 A[X] as the polynomial ring 
in the variable X over ®^A[X]. 

To each element f(X) in A[X] and for every positive integer n, we define the sym- 
metric tensors si jn (/(X)), . . . , s njU (f(X)) by the following identity in <8>^ +1 A[X]. 

n 

= X- - ^(/(X))*"- 1 + • • • + (-l) n 8 n , n (f(X)). 

We have that si jTl (X), . . . , s n>n (X) are the elementary symmetric functions in 
Xi, . . . ,X n . We denote the ring of symmetric tensors of ®^A[X], which is the 

polynomial ring in the variables si jTl (X), . . . , s n;n (X) over A, by <8>^-4[X]. 

The element A n j/x)(X) is a polynomial in the variable X, having coefficients in 

the ring of symmetric functions ®^A[X]. Since A n j(x){X) is a monic polynomial 
of degree n, we have that the residue ring 

(2.1.2) V nJ(x) = ( ®W A[X] ® A A[X])/(A nJ{x) (X)) 

is a free ®^' ) A[X]-module of rank n. 

2.2. The homomorphism u F . Let = X n - mX 71 ' 1 H + (-l) n u n be 

a monic polynomial in the polynomial ring A[X]. There is a unique A-algebra 
homomorphism 

u F : ^A[X] -> A 

determined by it^(sj )n (X)) = it^. The homomorphism u F gives A[X] an ®J } A[X]- 
module structure and we have a natural identification 

V n,x ®^ )A[X] A^A[X]/{F{X)). 

Theorem 2.3. Let M be a quadratic matrix, having coefficients in a commutative 
ring A. Assume that the characteristic polynomial Pm{X) = Yl^ =1 (X — a^) of M 
splits into linear factors over A. Then we have for any polynomial f(X) in A[X] 
that the matrix f(M) has characteristic polynomial Pf^ M ^(X) = Yl7=i(-^ ~ f( a i))- 

Proof. The result is well known when A is a field. A proof of the Spectral Theorem 
over general commutative rings is found in [14]. 
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Theorem 2.4. Let F(X) be a non-constant, monic polynomial in A[X]. Denote 
with n the degree of F(X). For any element f(X) in A[X] we let fJ, F (f) be the A- 
linear endomorphism on A[X]/ (F(X)) given as multiplication by the residue class 
of f(X) modulo the ideal (F(X)). We have that the characteristic polynomial of 
/i F (f) is 

X n - u F (s 1 , n (f(X)))X n - 1 + ■■■ + (-l) n u F (s n , n (f(X))). 

In particular we have that u F (f(X) <£>•••<£> f(X)) is the determinant of fx F (f). 

Proof. For any f(X) in A[X] we let fi(f) be the (g)^ A[X]-linear endomorphism on 
Vn,x = <S>a ^A[X]<S>aA[X]/ '(A nj x(X)) given as multiplication by the residue class of 
f(X) in V nj x- Let u F : <g>^A[X] — > A be the A-algebra homomorphism determined 
by F(X) in We have that the induced A-linear endomorphism ® id on 

V n ,x ®^( n ^A[x] ^ ~ A[X]/{F{X)) is jJi F {f). Hence to prove our Theorem it suffices 
to show that the endomorphism //(/) has characteristic polynomial 

(2.4.1) X n - s 1 , n (f(X))X n - 1 + ■■■ + (-l) n s n , n (f(X)). 

To show that //(/) has characteristic polynomial (2.4.1) I claim that it is sufficient 
to show that fx{X) has characteristic polynomial A nj x(X). Indeed, we have that 
(gj^ALY] is a subring of (gi^ALY]. Hence by ring extension, we consider /i(f) as an 
(g>^ALY]-linear endomorphism on 

(2.4.2) V n , x ®^) A[X] ®aA[X] - ® n A +1 A[X]/(A n , x (X)). 



A 



We have that that A n ^x{X) = Yl7=i(X —XA splits into linear factors over (gi^ALY]. 
Thus if (J,(X) has characteristic polynomial A n> x(X) then it follows from Theorem 
(2.3) that /j,(f) has characteristic polynomial A n j( X )(X) = Yl7=i(X ~ f{Xi))- We 
have that A n j^ X ){X) written out in terms of symmetric functions is (2.4.1). Thus 
what remains is to show that the endomorphism n(X) on ^) 7 ^ rl A[X]/ (A n} x(X) 
has characteristic polynomial A Hj x(X). 

Let x l be the residue class of X 1 modulo the ideal (A njX (X)) in (g>^ +1 ALY]. 
We have that l,x,... form a ® n A A[X] basis for (2.4.2). The matrix M 

representing the endomorphism /J,(X), with respect to the given basis is easy to 
describe and is called the companion matrix of A Uj x(X). In general, if F(X) = 

X n — u\X n ~ x ■-{(„ is a monic polynomial, then the companion matrix of F(X) 

is the matrix 

/0 ... u n \ 

1 : u n - 1 

M F = 1 . : 

: '•• : 
\0 1 ui / 

Note that the matrix obtained by deleting first row and first column of M F , is the 
companion matrix of G(X) = X n ~ l — uiX n ~ 2 — • • • — u n -\. It follows readily by 
induction on the size n of M F , that the determinant det(XI — M F ) = F(X). Thus 
we get that the matrix M representing the endomorphism n(X) with respect to 
the basis l,x, ... ,x n ~ 1 has characteristic polynomial A n> x(X). We have proven 
the Theorem. 
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§3. - The Norm function and resultants. 

We will use the notation from the preceding sections. Let (p : A — > K be 
an ring homomorphism. For any f(X) = cimX 171 + ■ ■ ■ + a m in ALY], we write 
f v (X) = ip(a m )X m + ■■■ + <p(a m ) in K ® A A[X] = K[X]. Thus f*(X) is the 
reduction of f(X) modulo the kernel of ip. 

3.1. Definition. Given a monic polynomial F(X) in A[X] which has positive 
degree n. We define the Norm function N F : A[X] — > A with respect to F(X), by 
sending f{X) in A[X] to 

(3.1.1) N F (f(X)) := u F (f(X) (g, ... (g) /(X)), 

where u F '■ <8)j^A[X] — > A is the A-algebra homomorphism (2.2) determined by 
F(X). Let n F (f) be the A-linear endomorphism on ALY]/(F(X)) given as multi- 
plication by the residue class of f(X) modulo the ideal (F(X)). By Theorem (2.4) 
we have that N F (f) is the determinant of the endomorphism /j,p(f). We say that 
N F (f(X)) is the norm of f(X) with respect to F(X). 

Let ip : A — > X be an A-algebra homomorphism. If -F(A^) is a monic polynomial 
of degree n in ALY], then F' P (X) is a monic polynomial of degree n in if[-X"]. 

Therefore F' P (X) determines a K-algebra homomorphism -u^ : <S>^ K[X] — > if. 
We have the following relation between the norm function with respect to F(X) 
and the norm function with respect to F (p (X). 

Lemma 3.2. Let <p> : A — > K be an A-algebra homomorphism. Let F(X) in A[X] 
be a monic polynomial of positive degree n. Then for all f(X) in A[X] we have for 
each i = 1,... ,n that <p o u F (s ijn (f(X))) = u Fv (si jn (f ip (X))). In particular we 
have that <p(N F (f(X))) = N Fv (fv(X)). 

Proof. The A-algebra homomorphism ip : A — > K induces by base change a ho- 
momorphism if : ® { a } A[X] -> [X], which maps 8i , n (f(X)) to s i)n (/^(X)) 
for each i = 1,... ,n and for each /(X) in ALY]. Furthermore it is clear that 

ipou F = u F voip. where u F v is the if-algebra homomorphism u F v : ®jpK[X] — > K 
determined by the monic polynomial F lf {X) e We have proven the Lemma. 

Proposition 3.3. Let P(X) and Q(X) be two monic polynomials in A[X]. Let p 
be the degree of P(X) and let q be the degree ofQ(X). Assume that both p and q 
are positive. Then we have that N P (Q(X)) = (-l) pq N Q (P(X)). 

Proof. Let X t = 1 <g> • • • <g> 1 <g> X <g> 1 • • • <g> 1 in the ring ® p A +q A[X], where the X 
occurs at the i'th place. We consider the following product 

v q 

(3.3.1) res(;p, q) = J] flpQ - X p+j ). 

i=i j=i 

It follows from (3.3.1) that the product res(p, q) is symmetric in X±, . . . ,X P and 
symmetric in X p+ i, . . . ,X p+q . Thus res(p, q) is an element of ( A[X}) ® A 
(® ( j[>A[X]). The monic polynomial P(X) in A[X] determines an A-algebra homo- 
morphism (2.2) up : <8$A[X] -> A. We let u P : ( A[X]) ® A ( ® ( a A[X]) -> 

(<?) (p) 
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be the map induced by uq : <g>^A[X] — > A. Clearly we have that 

Up o Uq = Uq o Up. 

For fixed i we have that 
i 

(3.3.2) \\[X, - X p+j ) = XI - s 1 , q (X)Xr 1 + ■■■ + (-l) q s q , q (X). 

3 = 1 

It follows from (3.3.2) and the definition of the homomorphism uq that uq maps 
res(p, q) to Yl^=i(Q( x i)) = Q(X) <g> ■ ■ ■ ®Q(X) in <g>^A[X]. Similarily we get that 
res(g, p) = (— 1) P9 res(p, g) is mapped to nj=i in ®a M.X] by up- Thus we 

have that 

N P (Q(X)) = up(Q(X) (g) ... (g) QpO) = W p(w Q (res(p, g)) 
= u Q (u P (res(p, g))) = wq(-up((-1) p<7 res(g,p))) 
= (-l)»«g(P(X) ® • • • ® P(X)) = (-l)^iV Q (P(X)), 

proving our claim. 

Remark. When A is a field we have that Proposition (3.3) is a well-known formula 
for resultants. 

Remark. The trick which we use in the proof of the Proposition is to consider 
the product res(p, q) (3.3.1), which we found in [11] (Chapter IV, §8, the proof of 
Proposition (8.3), pp. 202-203). 

§4. - Residues of fraction rings. 

In this section we investigate and describe ideals / in fraction rings A[X]jy, such 
that the residue ring A[X]u/I is a free A-module of rank n. 

The key point is Theorem (4.2) below which generalizes the Main theorem of 
[13] (Theorem (2.3), Assertions (4), (5) and (2)). In [13] A was an algebra defined 
over some field k and the multiplicatively closed set U C A[X] was the set of f{X) 
in k[X] such that /(0) 7^ 0. Having established Theorem (4.2) the other results of 
Section (4) follows, mutatis mutandis, from [13]. We have included proofs in order 
to make the paper self contained. 

4.1. Notation. We fix a ring A and a multiplicatively closed subset U C A[X] of 
the polynomial ring A[X]. We write the fraction ring of A[X] with respect to U as 
A[X} V . 

Let (f : A — > K be an A-algebra homomorphism. We denote by C i^[X] the 
image of U C A[X] under the induced map A[X] — > X[-X"]. If f(X) is an element 
in A[X] we denote with f v {X) the polynomial in K[X] obtained by applying ip to 
the coefficients of f(X). We have that U v C K[X] is the set of polynomials f v {X) 
where f(X) is in U C 

Theorem 4.2. Given a monic polynomial F(X) in A[X] which has positive degree 
n. Let U C A[X] be a multiplicatively closed subset. The following three assertions 
are equivalent. 

(1) The canonical map A[X]/(F(X)) — > A[X]u/(F(X)) is an isomorphism. 

(2) The residue classes of 1, X, . . . , X n_1 modulo F(X)A[X]u form a basis for 
the A-module A[X]u/{F{X)). 

(3) The norm Np(f(X)) with respect to F(X), is a unit in A for all f(X) in 

TT 1— A f Vl 
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Proof. It is clear that the two first assertions are equivalent. We will show that 
Assertion (1) is equivalent with Assertion (3). The fraction map A[X]/(F(X)) — > 
A[X]u/(F(X)) is an isomorphism if and only if the class of f(X) in A[X]/(F(X)) 
is invertible for all /(-X") in the multiplicatively closed set U C The residue 

class of f(X) modulo (F(X)) C A[X] is invertible if and only if the endomorphism 
A*f(/) on A[X]/(F(X)) given as multiplication by the residue class of f(X) is 
invertible. By Theorem (2.4) we have that the determinant of the endomorphism 
A*f(/) is the norm Np(f(X)), and our claim follows. 

Corollary 4.3. Let A be a local ring. Denote the residue field of A as K . As- 
sume that the K-vector space A[X]u/ (F(X)) has a basis given by the residue 
classes ofl,X,... ,X n ~ 1 . Then we have that the A-module A[X]jj/(F(X)) has 
a basis given by the residue classes of 1,X, . . . , In particular we have that 
A[X]u/(F(X)) is a finitely generated A-module. 

Proof. Let <p : A — * K be the residue class map. We have a canonical isomorphism 

(4.3.1) A[X]u/(F(X)) ® A K = K[X} UV /(F*(X)). 

By assumption we have that the residue classes of 1,X,... , X n_1 is a K-basis 
for (4.3.1). It then follows from Assertion (3) of Theorem (4.2) that the norm 
N Fv {f*{X)) with respect to Ff(X), is a unit in K for all f*(X) in U* C K[X\. 
Furthermore we have by Lemma (3.2) that Np<f(f ip (X)) = ip(NF(f(X))). Hence 
N F (f(X)) is a unit in A for all f(X) in U C A[X]. Now the claim follows by 
Assertion (3) of Theorem (4.2). 

Remark. It is not true that A-modules A[X]jj/(F(X)), with monic polynomials 
F(X) G A[X], in general are finitely generated. For instance, let A = k[T] be 
the polynomial ring in the variable T over a field k. Let U C A[X] be the set of 
non-zero elements of A, thus U is the set of non-zero polynomials f(T) in k[T]. Let 
F(X) = X — T, which is a monic polynomial in A[X] of degree 1. We have that 
A[X]/(F(X)) = A, from which it follows that A[X]u/(F(X)) = k(T), the function 
field of A = k[T], clearly not finitely generated over A = k[T]. 

Lemma 4.4. Let A = K be a field, and let U C K[X] be a multiplicatively closed 
subset. Let F(X) be a polynomial in K[X]. Then we have that the K-vector 
space K[X]u/(F(X)) is generated by the residue classes ofl,X,... ,X n ~ 1 modulo 
F(X)K[X]u, and where n is the degree of F(X). 

Proof. Denote by x 1 the residue class of X 1 modulo the ideal F(X)K[X]jj. Taking 
fraction commutes with taking quotients. Hence given f(X) in lf[-X"] it is clear that 
the class of f(X) in K[X]u/(F(X)) is in the span of 1, x, . . . , x n ~ 1 . We must show 
that given f(X) in U C K[X] then f(x)~ 1 , the residue class of f{X)~ x modulo 
F(X)K[X]u, can be written as a X-linear combination of 1, x, . . . , x n ~ l . 

Let f(X) be an element of U C K[X], which we may assume to be irreducible. 
Indeed, if f(X) is invertible in iiTLY][/, then it follows that the irreducible factors of 
f{X) are invertible in K[X]u. Hence it suffices to show that the irreducible factors 
of f(X) are in the K-linear span of 1, x, . . . , x n_1 . Consequently we assume that 
the ideal (f(X)) in K[X] is maximal. 

If F(X) is in the ideal (f(X)) then F(X) = f(X)G(X), where deg(G(X)) < 
deg(F(X)). We have that G(X) and F(X) generate the same ideal in K[X]u- Thus 
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That is the ideals (F(X)) and (f(X)) are coprime. Hence there exist polynomials 
h(X) and H(X) such that f(X)h(X) + F(X)H(X) = 1 in K[X]. It then follows 
that 

h(X) + f(X)- 1 F(X)H(X) = f{X)~\ 

in From which we get that h(x) = f(x)~ l in K[X]u/(F(X)). The element 

h(X) is in if[-X], hence its residue class f(x)~ l in K[X]jj/(F(X)), is in the span 
of 1 . We have proven our claim. 

Theorem 4.5. Given an ideal I C ALY];y such that the residue ring A[X]u / 1 is 
a free A-module of rank n. Then there exists a unique monic polynomial F(X) in 
A[X] of degree n, whose image in A[X]u generates the ideal I. In particular we 
have that the canonical map A[X]/(F(X)) — > A[X]u/I is an isomorphism 

Proof. Let V = ®f =1 A. By assumption we have that V = A[X]u/I as A-modules. 
The A-module V is also an ALY]-module by the natural map A[X] — > A[X]u/I. 
Thus the variable X is mapped to an A-linear endomorphism 9 on V. Let F(X) = 
Fg(X) be the characteristic polynomial of the endomorphism 9. 

By the Cayley-Hamilton Theorem (see e.g [11], XIV §3, Theorem (3.1), p. 561), 
any endomorphism satisfies its characteristic polynomial. Hence we have that F(X) 
is in the kernel of the natural map A[X] — > A[X]u/I. We have thus shown that 

(4.5.1) A[X)u/{F{X)) - A[X)u/I 

is surjective. We claim that the map (4.5.1) is an isomorphism of A-modules. 

To show that (4.5.1) is an isomorphism of A-modules it is sufficient to show 
(4.5.1) when A is a local ring. Let A be a local ring. Let ip : A — > K be the 
residue class map. Since the map in (4.5.1) is surjective it follows that the K- 
vector space A[X]u/(F(X)) ®a K is of dimension greater or equal to n, the rank of 
A[X]u/L We have that A[X]u/(F(X)) ® A K is isomorphic to K[X] Uv /(F*(X)). 
By Lemma (4.4) we have that the classes of 1, X, . . . , X n_1 generate the X-vector 
space A[X]u/(F(X)) ® A K. Since the dimension of A[X]u/(F(X)) ® A K is at 
least n it follows that the dimension equals n. It then follows from Corollary (4.3) 
that A[X]u/(F(X)) is a free A-module where the classes of 1, X, . . . , X n ~ x form a 
basis. Thus (4.5.1) is an isomorphism. 

We have that the classes of 1,X,... ,X n ~ 1 form a basis for the A-module 
A[X]u/(F(X)). It follows from Theorem (4.2) that A[X\/{F{X)) is canonically 
isomorphic to A[X]u/(F(X)). We have proven the Theorem. 

§5. - Parameterizing ideals of fraction rings. 

In Section (5) we will extract the results from the preceding section and show 
that there exist a ring parameterizing the set of ideals in ALY][/ such that the 
residue ring is a free, rank n module over A. 

5.1. The functor JF^. We fix a multiplicatively closed subset U C ALY]. For 
any A-algebra K we let T^ji^K) denote the set of residue rings K ® A A[X]u/I, 
which are free and of rank n as if-modules. The map sending an A-algebra K to 
the set Ty{K) becomes in a natural way a covariant functor from the category of 
A-algebras to sets. 

The A- valued points of JF^, that is the set JF^(A), correspond to residues of 
A[X];7 which are free and of rank n as A- modules. We call FJ} the functor parame- 
terizing the free, rank n residues of A[X][/. The goal of Section (5) is to show that 
the functor is represent able. 
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5.2. The construction of the universal objects. To a multiplicatively closed 
subset U C A[X] and a positive integer n, we define the multiplicatively closed 
subset U(n) C ®^ n) ALY] as 

(5.2.1) C/(n) = {f(X) (g, ... (g) /(X) | /(X) e C 

Let : -> (® J^LY])^) denote the fraction map. Recall (2.3.1) that 

we have defined A n , x (X) = X n - s hn (X)X n - 1 + ■■■ + (-l) n s n , n (X) in the poly- 
nomial ring in the variable X over the ring of symmetric functions We 
denote by X (X) the element in (<S> A M.X])u{n) ®a A[X] obtained by applying 
£[/ to the coefficients of A Ui x{X). Furthermore we define 

(5 2 <x = V n , x %^ A[X] (< } ^] W) 

= (^A[X]) u{n) ® A A[X]/(Al x (X)). 

We have that V^ x is a free (®^ l ' ) A[X]) [/ ( n )-module of rank n. Note that is 

not an (®^ALY]);y( n )-valued point of the functor JF^ since V^ x is not a residue 

of (®f )j, (n) ® A A[X]c/, but only a residue of (®^ n) A[X] ) y(n) ® A We 
need to consider what happens with x when localized, as an A [X] -algebra, in 
the multiplicatively closed set U C ALY]. 

Lemma 5.3. Let U C A[X] be a multiplicatively closed subset. We have that the 
fraction map of A[X]-modules 

V?,x - ( < } A[X]) u{n) ® A A[X]u/(A^ x (X)), 

obtained by localization with respect to U C is an isomorphism. 

Proof. Let f(X) be an element of ALY]. Let fx(f) be the <g> A A [X] -linear endo- 
morphism on V nj x, given as multiplication by the class of f(X) in V Uj x- It follows 
by Theorem (2.4) with uf = id the identity morphism, that the determinant of 
fi(f) is f(X) ® • • • <g) f(X). We then have that the determinant of the induced 
endomorphism fj,(f) <g> id on V" x is £u(f(X) ® ■ ■ ■ ® f(X)). Thus for all f{X) in 

U C ALY], we have that the determinant of /i(f) ® id is a unit in (<g> A A[X])u( n y 
That is, the class of f(X) in V" x is invertible, for all f(X) mU C A[X}. It follows 
that the fraction map of the Lemma is an isomorphism. 

Theorem 5.4. Let U C A[X] be a multiplicatively closed subset. For every positive 
integer n we have that the functor J 7 ]} parameterizing free, rankn residues of A[X]u, 

is represented by the A-algebra (<8>^ A[X\) u( ^ n y The universal element is given by 

the residue ring V^ x . 

Proof. We have that V% x is a free F = (<g)^M[X])^( n )-module of rank n. It follows 
by Lemma (5.3) that V^ x is an element of the set JF^(F). Consequently we have 
a natural transformation $ : Hom^4_ a i g (i ? , — ) — > JF^, which, for any A-algebra K, 
sends an A-algebra homomorphism F — * K to the free -KT-module x ®f K. We 
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Let <p : A — > if be an A-algebra homomorphism. Let I C. K ®a ALY]c/ be an 
ideal such such that the residue ring if ®a A[X]u/I is a free if-module of rank n. 
We have that K® A A[X]u = K[X] Uv , where U* C if [X] is the image of £/ C 
by the homomorphism A[X] — > if[^]- Hence it follows from Theorem (4.5) that 
there exist a unique monic polynomial F(X) in if [.X - ] of degree n, such that the 
image of F(X) in the fraction ring K[X]uv generates I. Moreover, we have that 
the canonical fraction map 

(5.4.1) K[X]/(F(X)) -> K[X] UV /{F{X)) = if ® A A[X] V /I 

is an isomorphism. Let F(X) = X n - mX 71 ' 1 + ... (-l) n u n in K[X]. 

We get by base change an A-algebra homomorphism ip : <g>^'A[X] — > <S> ^ K [X], 
where (p : A — > if is the structure map. The coefficients of -F(A^) determine a 

if -algebra homomorphism uf : ®^ if [-X] — > if by fXi?(si, n (-X)) = w$ for each 
z = 1,... ,n. It is clear that the composite morphism <p o uf is an A-algebra 
homomorphism such that 

V n,x ®^ )A[X] K = K[X]/{F{X)). 

We need to show that the composite map cp o up factors through the fraction ring 
F of ®^ALY]. Since the fraction map of (5.4.1) is an isomorphism it follows by 
Assertion (3) of Theorem (4.3), that N F (ff(X)) is a unit in if for all f*{X) E 
IT? CK[X}. It follows that the symmetric functions f (X) (g) ■ ■ ■ (g) f (X) in (g)^ A[X] 
for all f(X) e U C A[X], are mapped to units in if by the homomorphism 0ouf- 
By the universal property of the fraction ring F, the A-algebra homomorphism 
<p o uf factors through F. 

Thus we have shown that for any A-algebra if, and to any element V in J-'^(K) 
there exist an A-algebra homomorphism F — > if such that V = x <g>p if- 

To complete the proof of the Theorem we need to show that two different el- 
ements in Honu_ a ig(F, if ) correspond to two different elements in Tj}{K). Let 
p : F — > if be an A-algebra homomorphism. Since F is a fraction ring of^A[X}, 
it follows that p is determined by its action on the elementary symmetric func- 
tions s 1>n (X), . . . , s n , n (X). Let G{X) = X n - viX™' 1 + ■■■ + (-l) n v n , where 
Vi = p(si jTl (X)), for each i = 1, . . . , n. We have that that V^ x ®f K is isomorphic 
to if [Jf]^/(G(X)), which by Theorem (4.5) is isomorphic to K[X]/{G{X)). It is 
clear that two polynomials F(X) and G(X) in if [X] of degree n and with leading 
coefficient 1, generate the same ideal if and only if F(X) = G(X). Hence it follows 
that two different A-algebra homomorphisms F — > if give two different ideals in 
if ®a A[X]u- We have proven the Theorem. 

§6. - Symmetric products of fraction rings. 

In the next two sections we study more in detail the ring (<S>a ^[-^-})u(n) and 
the ring V^ x which together form the universal pair of Theorem (5.4). 

In Section (6) we will show that the fraction ring (<8>^ M.X])u(n) is canonically 
isomorphic to the ring symmetric tensors of ®^ALY];y. In Section (7) we show that 

mU :„ ;„„™ u;„ j-„ /^>,( n ) A r v~\\ o A r vl 
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Proposition 6.1. Let K and L be two A-algebras. Let U C K and V C L be 

multiplicatively closed subsets. Then we have for any K-module M and any L- 
module N a canonical isomorphism of A-modules Mjj ®a Nv — (M ®a N)u-v> 
where U -V C K ®a L is the multiplicatively closed subset given as 

U-V = {f®g\feUCK,geVCL}. 

In particular we have that Kjj <S>a Ly = [K <S>a L)u-v- 

Proof. We have by definition that Mjj = M ®k Kjj. Hence our claim follows if we 
show that Kjj ®a Ly = (K ®a L)u-v- 

We have a natural, well defined map K®aL — > Kjj®aLv, sending Y^iL\{fi®9i) 
to YllLiiifii 1) ® {9ii !))• The map K ®a L — > Kjj ®a Ly maps an element (u <g> v) 
in U ■ V to a unit in Kjj <S>a Ly. Hence by the universal property of fraction rings 
we get a map 

(6.1.1) {K® A L)u.v -> Ku®aL v . 

The composite map K — > K <S>a L (K ®a L)jj-v sends any element u in U C if 
to the unit w®l in (iffg^L^.y. Hence we get a natural A-algebra homomorphism 
Kjj — > (K ®a L)jj.y. Similarily we get a map Ly — > (if (g)^ V)jj.y . It follows from 
the universal property of the tensor product that we have get a map Kjj ®a Ly — > 
(if (gu L)jj. v , easily seen to be the inverse of (6.1.1). 

Lemma 6.2. Let U be a multiplicatively closed subset of a ring A, containing the 
identity element. Assume that U is a subset of a multiplicatively closed set V , such 
that for any element v in V there exist an element w in V such that vw is in U. 
Then we have that Ajj is canonical isomorphic to Ay. 

Proof. We have by assumption that U C V. Hence there is a canonical map 
Ajj — > Ay, which is easily seen to be both injective and surjective. 

6.3. An action of the symmetric group. Let K be an A-algebra. The sym- 
metric group of n-letters & n acts on the tensor algebra (g^if in a natural way. 
If Z]jLi(®r=i/j,j) i s an element of ®\K then an element a in the group & n acts 
by ®?=i/i,j) = Ejli(®?=i/a(i),j)- The subring of symmetric tensors is 

written as <g>^K. 

Proposition 6.4. Let K be an A-algebra, and let U C K be a multiplicatively 
closed set. For every positive integer n we define U(n) C (g^if as the multiplica- 
tively closed set U(n) = {f<S>---<S>f\f&U C K}. Then we have a canonical 
isomorphism ®^ Kjj = ( (g^ if)^^. In particular we have that 

(^AiXDu^^^AiXju. 

Proof. We define the multiplicatively closed set U n C ®\K by 

U n = {h <g> • • • <g> f n I fi e U C if, for % = 1, . . . , n.} 



It follows by repeated use of Proposition (6.1) that we have a canonical isomorphism 

on f ~ /,o,n "\^7"„ u„,.„ -i-U„-t- ,o,( n ) 7^ :„ j-U„ „; — , „£ „c is 
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We will show that the ring of invariants of (®\K)un is (<S> A ) K)u^ n y Let U & = 

Recall ([1], Exercise 12, p. 68) that if G is a finite group acting on a ring B, 
such that G(U) C U for a multiplicatively closed set U C B. Then we have that 
Sg G (St/) 6 , where U G = U D B G 

Hence we have that the ring of invariants of (<S>^i^)j/n is (® { ^K) ue . Clearly we 
have ?7(n) C U & . Our Proposition is proven if we show that the ring of invariants 
of (<S> r XK)un is isomorphic to K)u& . By Lemma (6.2) it suffices to show that 
for any element / G U & , there is an element H in U e such that the product is in 
U(n). Let /i <g) • • • <g) / n be an element of U & CU n . We have that 

n 

(6.4.1) n^®--'®/^ {fi®-'-®fn)H, 

i=l 

for some in <g>^-ftT. We have that H is in U n : and we have that the product (6.4.1) 
is in U(n). Since the product (6.4.1) is symmetric and the element fi® ■ ■ ■ ® f n 
is symmetric by assumption, it follows that H is in U & . We have proven the 
Proposition. 

§7. The addition map. 

In Section (7) we show first that (g^ALY] ®a A[X] is isomorphic to V n +i t x- 
Thereafter we show that the isomorphism of V^ +1 x and (<S>a A[X])jj^ ®a A[X]u 
follows by localization. 

7.1. Definition. We have that (g^ALY] is the polynomial ring over A in the 
elementary symmetric functions Si jU (X), . . . , s n>n (X) in the variables X\, . . . , X n . 

An A-algebra homomorphism from (g^ALY] to an A-algebra K is determined 
by its action on si >n (X), . . . , s n>n (X). For every positive integer n we define the 
addition map 

(7.1.1) a n : ® { a } A[X] - ®%- 1] A[X] ® A A[X], 

by sending s^ n {X) to s i]n _i(X) + s l - 1 ^ n - 1 (X)X for every % = 1,... ,n. As a 

convention we let s , n (Y") = 1 and s n>n _i(X) = for all n, and we set ®^^4[X] = 
A. We denote with 

a n : ®? } ALY] ® A A[X] -> ® A 

the A[X]-algebra induced by the addition map. 

Lemma 7.2. For all positive integers n we define the A[X]-algebra homomorphism 
p n : ®%- 1] A[X] ® A A[X] -> ® A 

recursively by p n (s i>n _i(X)) = s i>n (X) - p n (si_i )n _i(X))X /or j = 1,... ,n and 
where p n (so jn -i(X)) = p n (l) = 1. Then the following three assertions hold. 

(1) We have that the composite map p n o a n is the identity map. 

(2) We have that a n o p n (si, n -i(X)) = Si tn -i(X) for all i = 1, . . . , n — 1. 

/Q\ T>I. „ !„ — . 7 „f ft „•„ J-„ J A /V 1 ! TT n /V V \ 
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Proof. We first prove Assertion (1). It is enough to show that p n oa n is the identity 
on the elementary symmetric functions si jn (X), . . . , s n , n {X). For each i = 1, . . . , n 
we have that 

Pn ° a n (s ijn (X)) = p n (s ij n- 1 (X)) + p n (s i - lj n- 1 (X)X) 

= S^ n (X) - p n {s i -i^- 1 {X)X) +p n (s i - ljn - 1 (X)X) 
= s ijn (X). 

We have proved the first Assertion. The second Assertion is proven by induction 
on i. For i = 1 we get by definition that a n o p n (s l n _ 1 (X)) = a n (si >n (X) — X) = 
si jU -i(X). Assume as the induction hypothesis that a n op n (s i n _ 1 (X)) = Sj >n _i(X) 
for i > 1. We then get that 

a n ° Pn(si+i,n-i(X)) = a n (s 

i+l,n 

= s i+ i, n _i(X) + s ij7l - 1 (X)X - a n o Pn (s i ^_ 1 (X)X) 

= Si+l,n-l(X). 

Thus we have proven Assertion (2). To prove the last Assertion we first show that 
A nj x(X) is in the kernel of a n . We have that 

n 

a n (A n , x (X)) =X n + ^(-ira n (^, n (X)A^) 

= X n + J2(-lY(si,n-i(X) + S l - 1 , n - 1 (X)X)X n ^ 
i=l 

By definition we have that so }n -i(X) = 1 and that s n>n _i(X) = 0. Thus it follows 
from (7.2.1) that A njX (X) is in the kernel of a n . By Assertion (1) we have that 
a n o p n is the identity. Since A Uj x(X) is in the kernel of a n we get an induced 
homomorphism 

(7.2.2) p n : ( ®f - 1} A[X]) ® A A[X] - V n , x , 

where V UjX = ®a^A[X] ® a A[X]/(A njX (X)). We have that a n o p n is the iden- 
tity map. In particular a n is surjective. Our claim follows if we prove that 
the map p n is surjective. The A [X] -algebra V njX is generated by the classes of 
si >n (X), . . . , s njn (X). It follows from Assertion (2) that we only need to show that 
the class of s njn (X) in V UjX is in the image of p n . However we have that 

X n + s 1 , n {X)X n - 1 + ■■■ + (-ly-hn-^WX = (-lr-h^X) 

in Vn,x- Hence we have that p n is surjective. We have proven the Lemma. 

Lemma 7.3. Let n be a positive integer. For all integers % = 1, . . . ,n and for all 
f(X) in A[X] we have that that the homomorphism a n sends the element Si >n (f(X)) 

m^AiX] tos i , n _i(/(X)) + s i _i in _ 1 (/(X))/(X) m ® { r 1)XSA \ x ]®AA[X}. In 

particular we have that f(X) ® • • • <S> f(X) in <S>^A[X] is mapped to 
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Proof. We have a natural identification i : ® A A[X] -> <g>^ _1 ALY] <gu which 
sends to Xi when z = 1, . . . , n — 1 and X n to X. For every z = 1, . . . , n we have 
that 

Si,n(X) = ^ X ki ■■■Xk i 

0<fci<---<fci<n+l 

(7- 3 - 1 ) = X kl ---X ki + X kl ---X ki _ 1 X n 

0<k 1 <---<k i <n 0<fci<---<fci_i<n 
= Si,n-l(X) + Si-i jU -i(X)X n . 

It follows from (7.3.1) that i( Si , n (f(X))) = s^CfpT)) + Si _ 1)n _!(/(X))/(X). 
From the definition of the addition map and (7.3.1) we have that the restriction of 
i to the subring C ®^^4[X] coincides with a n , and our claim follows. 

Recall that we defined (5.2.2) the ring V^ x as the localization of the (g>^ A[_X"]- 

algebra V n ^x with respect to the multiplicatively closed subset U(n) C 

We saw in Proposition (6.4) that the fraction ring (<S> A M.X])u(n) was naturally 

identified with the ring of symmetric tensors <S> A A[X]jj. In the next Proposition 
we show a similar behavior for V^ x . 

Proposition 7.4. Let U C A[X] be a multiplicatively closed subset. We have that 
the addition map a n : ®^ A[X] — > (g)^ 1 ®a A[X] induces an isomorphism 

^x = K n_1) A[X]u) ®aA[X] v . 

Proof. The homomorphism a n : ®f ) A[X] ® A A[X] -> A[X] ® A A[X] is 

surjective by Assertion (1) of Lemma (7.2). By Assertion (3) of Lemma (7.2) the 
kernel of a n is generated by A ny x(X). Thus we have that the addition map induces 
an isomorphism 

(7.4.1) V n , x = (® { r 1} A[X]) ® A A[X). 

When we localize the <8>^ A [X] -module V nj x with respect to the multiplicatively 

closed subset U(n) C (gi^MfX] we get by definition V^ x . Consequently the proof 
of the Proposition will be complete when we show that tensoring the right term in 
(7.4.1) with ( ®^ A[X]) u{n) gives (® ( r 1)A [X]u) ®a A[X] v . 

Let W C B = (g>J _1) A[X] ® A A[X] be the multiplicatively closed set 

W = {(f(X) (g) ... (g) f(X)) ® f(X) | f(X) eUC A[X]}. 

It follows from Lemma (7.3) that W is the image of the multiplicatively closed 
subset U(n) C (gi^ A[X] by the addition map a n : ®^ ^-Af-X"] — >■ B. Hence we have 
that B QqWj^x] ( ®^ ^-[^])j7(n) = Furthermore we have by Proposition 

(a A\ i-i.i ^>,( n— 1) /|[vl :„ j-u„ r„„„+; — „f ^>,( n — 1) A I vl + „ j- j-„ j-U„ 
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multiplicatively closed subset U(n — 1). It then follows from Proposition (6.1) that 
we have 

(Q^AiXlu) ® A A[X]u = (^- 1] A[X} ® A A[X]) u(n _ iyu , 

where U(n-1)-U = {F(X) <g> g(X) \ F(X) G U(n - 1), g(X) G U}. It is clear that 
we have W C U(n — 1) ■ U. Hence to prove the Proposition it is by Lemma (6.2) 
sufficient to show that for any / in U(n — 1) • U there is g in U(n — 1) • U such that 
the product is contained in W. 

Given F(X)®g(X) in U{n-1)-U, where F(X) = f(X)®- ■ -®f(X) is in U(n-1), 
and where g(X) is in U. In the ring B we have the element g(X)<S>- • •®g(X)<g>f(X), 
easily seen to be in U(n — 1) • U. We have that 

(F(X) ® g(xj) ■ (g(X) ® • • • ® <7pT) ® /(X)) 
/(X)2pO®...®/(X)<7pT), 

which is an element of W. We have proven the Proposition. 

Remark. B. Iversen defines (See [9], page 3, Section (1.4)) for any flat A-module 
C a canonical map 

®J +m) c -> ( ®J } c) ® A ( ®^ m) c), 

which sends (x± ® • • • ® x n+rn ) to (xi ® • • • ® x m ) ® (#m+i ® • • • ® x n+m ). When 
applied to our situation with C = A[X], and m = 1, we have a map ®^ ^4[X] — > 

(gj^ALY] ®^^4[X]. It follows from Lemma (7.3) that when applied to our situation 
then our addition map a n +i coincides with the canonical map of B. Iversen. 

§8. - Application to Hilbert schemes. 

8.1. The Hilbert functor of points. Let A be a commutative ring. For any 
A-algebra A — > K we define the Hilbert functor 'Hilb r f < ;/ A of n-points on Spec(X) 
as the contravariant functor from the category of A-schemes to sets, mapping an 
A-scheme T — > Spec (A) to the set 



mib n K/A (T) = 



Closed subschemes Z CT x A Spec(-ftT) such that 
the projection map p : Z — > T is flat and where 
the global sections of p~ l (t) is of dimension n as 
k a ^(t)-vector space, for all points t G T. 



We call Hilb%;/ A the Hilbert functor of n-points on Spec(K). In those cases 
when the functor Hilb 7 ^^ is representable we call the representing scheme the 
Hilbert scheme of n-points on Spec(-KT). 

If K is an A-algebra, we have the A-algebra of symmetric tensors 
define the A- scheme 

Symm^(X) = Spec(®^ ) K). 



K. We 
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Theorem 8.2. Let U C A[X] be a multiplicatively closed subset of the polynomial 
ring in the variable X over a ring A. Let n be a fixed positive integer. Then we have 
that the A-scheme Symm A (A[X]u) — > Spec(A) represents the functor Ti.ilb r A ^ X ] u /A- 
The universal family is given as 

Symm n A -\A[X}u) x A Spec(A[X}u) -> Symm!\(A[X\v). 

Proof. First we show that Symm^ _1 (A[X][/) Spec(ALY];y) is an element of 
7iz/6^[ X ] [// / yl (Symm^(A[A A ]t/)). By Proposition (7.4) we have that the coordinate 

ring of Symm^ _1 (ALY];y) x A $Y>ec{A[X]u) is isomorphic to V^ x . As a consequence 

of Theorem (5.3) we have that V^ x is a free, rank n residue of (<3)^ A[X])u/ n \ ® A 

A[X]u. Finally we have by Proposition (6.4) that (®^ ) 'A[X]) u(n) Q^A^u. 

Thus we have that Symm^ 1 ^(ALYjt/) x ASpec(A[X]u) is a Symm^(ALY];y)-valued 
point of the Hilbert functor of n-points on ALY]t/. 

The next step in the proof is to show that the induced natural transformation 
of functors Hom(— , Symm^ALYjt/)) — ■> Hilb^x^/A * s an isomorphism. Given a 
A-scheme T and let Z be a T-valued point of 'Hilb 1 X[x] u /A- Let Spec(-ftT) C T 
be an open affine subscheme. Let ip : A — > K be the A-algebra homomorphism 
corresponding to the structure map Spec(-KT) — > Spec(A). Let the inverse image 
Z x T Spec(K) be given by the ideal I C K ® A A[X]u. 

We have that K ®a A[X]u — K[X] Uv , where U v C K[X] is the image of the 
multiplicatively closed set U C A[X] under the induced map A[X] — > -K"[-X"]. Hence 
the K-algebra K <S>a A[X]u is essentially of finite type. By assumption we have 
that the K- module M = K ®a A[X]u/I is a flat K-module such that for each 
prime ideal P in K we have that the k(P) — Kp/PKp- vector space M®k(P) is of 
dimension n. It follows (see [12], Theorem (3.5)) that M is locally a free -ftT-module. 
By possibly shrinking the open set Spec(X) C T, we may assume that M is a free 
-KT-module of rank n. 

We have that there exist a covering {Ui} ie x of T, where Ui C T is open and 
affine, such that for every i £ I we have that Pi*(Ozx T Ui) * s a f ree -module of 
rank n. Here : Ui Xj Z — > Ui is the projection map. It follows by Theorem (6.3) 
that there exist a unique A- morphism fa : Ui — > Symm^(A[X][/) such that 

(8.2.1) ^ x T Z ^ */< x Symml(A[x]u) Symm^-^LY]^) x A Spec^LY]^), 

for every z G X. It follows from the uniqueness of the morphisms that they glue 
together and give a unique morphism fz ' T — > Symm^(ALY];y) such that the ele- 
ment Z G mib n A[x]u/A (T) is the pull-back of Symmf" 1 ' x A Spec(A[X] [/ ) 
by the morphism We have proven the Theorem. 

Remark. Given a projective morphism C — > S, where we fix an embedding of C in 
some projective iV-space over S. Consider now only S'-schemes that are locally 
noetherian. From A. Grothendiecks general theory of Hilbert functors, we have 
that Hilbc/ S is representable (and in fact projective) [5]. In the special case when 
C — > S is projective, smooth and of relative dimension 1 over S, it was remarked 
(see [5], p. 275) that the Hilbert functor Hilbc/s is represented by Symmg(C). 
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Remark. A comparison with B. Iversens theory of n-fold sections. Let 

C — > S be a flat morphism of schemes. If T — > £ is a morphism of schemes then 
an n-fold section of C over T is a closed subscheme Z C T x 5 C such that the 
projection map Z — > T is finite, flat and of rank n. We denote with Tqi S {T) the 
set of n-fold sections of C over T. It is clear that we have a contravariant functor 
TqI S from the category of S'-schemes to sets, [9]. 

We will compare the functor with the Hilbert functor Hilb 7 ^^ in the spe- 

cific situation when C = Spec(K) and S = Spec(A). It is clear that ^spec(K)/ s P ec(A) 
is a subfunctor of Hilb 1 ^^. 

I will show, by repeating an argument given in the proof of the Theorem, 
that when K is a flat A-algebra, essentially of finite type, then the two functors 
•^Spec(i<r)/Spec(A) an< ^ ^-^K/A are naturally identified. Note that if Z is a T- valued 
point of Tiilb 1 ^ j A then it is not obvious that the projection map Z — > T is finite. 

Let Spec(-R) be an open subscheme of an A-scheme T. Let Z be an T-valued point 
of H.ilb\j A . We have that Z is a closed subscheme of T x A Spec(-ftT), hence Zr = 
Z x T Spec(-R) is a closed subscheme of Spec(R) x A Spec(if). Let Z R = Spec(M). 
It follows from the definition of the Hilbert functor Ti.ilb 7 ^^ that M is a flat R- 
module such that for all prime ideal P in R we have that the k(P) = Rp/PRp- 
vector space M (E)r k(P) is of dimension n. Since K is essentially of finite type 
over A, it follows that M is essentially of finite type over R. Hence it follows ([12], 
Theorem (3.5)), that M is locally free over R. The rank of M as an .R-module is 
clearly n, and consequently the T-valued point Z of 7~tilb r } <: / A is a T-valued point of 

rn 

•^Spec(K)/Spec(A)- 

We thus have two functors ^Fq/s an< ^ ^-^^k/a that are equal when K is a flat 
A-algebra, essentially of finite type. In particular the functors are equal when 
K = A[X]u, a fraction ring of the polynomial ring in the variable X over A. It 
is therefore natural to compare the results of [9] with the ones have in the present 
paper. In particular there are two results that are closely related to the Main 
Theorem of the present paper. 

One of the results which B. Iversen shows ([9], Theorem (3.4), p. 26) is the 
following. 

Let C — > S be a flat and finite morphism of schemes such that for all points 
s e S, any finite set of points of the fiber over s is contained in an open affine 
subset of C, whose image by C — > S is contained in an open affine of S ([9], page 
21, Section (1.1)). If the canonical map Symm^ ~ X \C) x s C — > Symm^ (C) is 
finite, flat and of rank n, then the functor J-q/s ls represented by Symm^ (C) and 

where the universal family is Symm^ n X \C) xgC. The canonical map is the one 
we discussed in the Remark of Section (7) in the present paper. 

Hence, modulo the result (Theorem (3.4)) of B. Iversen, we could have short- 
ened our proof of Theorem (8.2). Because to prove the statement of Theorem 
(8.2) it would be sufficient to show that Symm^(A[X][/) Spec(ALY][/) is an 
SymnT^(ALY][/)-valued point of 'Hilb r X[x] u /A- 

The other result of [9] (Proposition (4.1), p. 29), which I want to mention is 
the case when C — > S is a flat family of smooth curves (and where S is locally 
noetherian). With these extra assumptions B. Iversen shows that the canonical 
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words the functor Fq/s * s represented by Symnig (C). 

Comparing with our situation we have that the homomorphism Spec(ALY];y) — > 
Spec(A) is smooth, but the fibers are not necessarily of finite type, hence neither 
curves. When S = Spec(A) is noetherian and is finitely generated as an A- 

algebra, or equivalently that Spec(ALY]t/) is an basic open subset of Spec(ALY]), 
then our Theorem (8.2) is a consequence of [9] (Proposition (4.1), p. 29). 

8.3. Example I: The Hilbert scheme of points on the affine line. When 
U = {1} C A[X] is the trivial subset we have that Spec(ALY];y) = is the affine 

line over A. The Hilbert scheme of n-points on is given as Spec(®J ) A[X]). 

The ring of symmetric functions <8>^ A[X] is the polynomial ring in n- variables over 
A. Thus the parameterizing scheme Symm^(ALY]) is simply the affine n-space A^ 
over A. Note that the only assumptions on the base ring A is that A is commutative 
and unitary. 

8.4. Example II: The Hilbert scheme of points on open subsets of the 
line. Let the multiplicatively closed subset U be given by multiples of one element 
/ in ALY], that is U = {/ m } m >o- Then Spec(-A[X]u) is an basic open (possibly 
empty) subscheme of A^, the affine line over A. 

The Hilbert scheme of n-points on Spec( A[X]u) is given as the spectrum of 
A[X])u( n ), where U(n) = {(/ <g> ■ ■ ■ <g> /) m } m >o- Hence we have that the 
Hilbert functor of n-points on an basic open subscheme of the line is represented 
by an open subscheme of the Hilbert scheme of n-points on the line. 

8.5. Example III: The Hilbert scheme parameterizing finite length sub- 
schemes of the line with support at the origin. Let the base ring A = k 
be a field, and let U C k[X] be the set of polynomials f(X) such that /(0) ^ 0. 
Thus fe[X][/ = k[X]( X ) is the local ring of the origin on the line, and the functor 
T~CilWk[ X ] (x) /k parameterizes the length n subschemes of Spec(fc[X](x)). There is 
only one closed subscheme of Spec(k[X]( X )) of length n, namely the scheme given 
by the ideal (X n ) C k[X]( X )- A situation which was studied in detail in [13]. 

8.6. Example IV: A Hilbert scheme without rational points. Assume that 
the base ring A is an integral domain. Let U C A[X] be the set of non-zero 
polynomials. We have that ALY];y = A(X), the field of fractions of We have 
that Symm^(A(X)) represents the Hilbert functor of n-points on Spec(A(X)). Note 
that Spec(A(X)) is just a point and that there exist no non-trivial subschemes of 
Spec(A(X)). Consequently the Hilbert scheme of n-points on Spec(A(X)) has no 
A-valued points. In particular if A = k is a field, we have that the Hilbert scheme 
of n-points on Spec(k(X)) has no /c-rational points. 

We will show that the parameterizing scheme Sjmm^(k(X)) is of dimension 
(n — 1) when the base ring A = k is a field. 

We have that the coordinate ring is, Proposition (6.4), ((^j^/cLY])^), where 
U(n) is the set of products of the form f(X)<g>- ■ -<g>f(X), with non-zero polynomials 

f(x)ek[x}. 

The ring of symmetric functions ®^k[X] is the polynomial ring in the variables 
si tn (X), . . . , s njTl (X), and is consequently of dimension n. It is clear that to any 

maximal ideal P in <g> k k[X], we can find an element of the form f(X)<g>- ■ -<g>f(X), 



SYMMETRIC TENSORS WITH APPLICATIONS TO HILBERT SCHEMES 



19 



the fraction ring k[^])u{n) becomes the whole ring. A phenomena which we 
expected since the parameterizing scheme Symm£(/c(X)) has no /c-rational points. 

We have that all the maximal ideals of ®^k[X] meets the set U(n). It follows 

that we the dimension of &[X])i/(n) is at most n — 1. Next we note that if 
G(X±, . . . , X n ) is an irreducible polynomial in the variables X\, . . . , X n , which is 
symmetric, then G(Xi, . . . ,X n ) correspond to a height 1 prime ideal in 0^, 
which does not meet U(n). If n > 1 clearly such functions exist. The elementary 
symmetric functions si jH (X), . . . , s n -i )n (X) are examples of such. Thus we have 
that the ideal P generated by si j7l (X), . . . , s n -i )U (X) does not meet U(n). Conse- 
quently the extension of P in the fraction ring (<&^ k[X])u^ correspond to a prime 

ideal. We have that the localization of ®^k[X] in P is a local ring of dimension 
(n — 1). Since (n — 1) was an upper bound for the dimension of the fraction ring 
u(n), it follows that (n - 1) is the dimension of Symm£(/c(A")). 
It may be surprising that we need a (n — 1) dimensional scheme to parameterize 
the empty set of closed subschemes of Spec(/c(X)) of finite length. 

8.7. Example V: Hilbert schemes of one point. Let the fixed integer n = 1. 
For any multiplicatively closed subset U C A[X] we have that Symm^ALYjc/) = 
Spec(ALY](y). Hence the scheme Spec(A[X]u) itself is the Hilbert scheme of one 
point on Spec(A[X] v ). See also [10] (Corollary (2.3) of Proposition (2.2), p. 109) 
where S.L. Kleiman proves that for any S'-scheme X the functor 'Hilbx/s is repre- 
sented by the scheme X, and where the universal family is given by the diagonal 
inlx s l. 
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